Higher order corrections (up to n-th order) are obtained for the perihelion precession in binary systems like OJ287 using the Schwarzschild metric and complex integration. The corrections are performed considering the third root of the motion equation and developing the expansion in terms of r s / a(1 − e 2 ) .The results are compared with other expansions that appear in the literature giving corrections to second and third order. Finally, we simulate the shape of relativistic orbits for binary systems with different masses.
I. INTRODUCTION
Between 1908 and 1915, Albert Einstein made several unsuccessful attempts to obtain a theory of gravitation that was compatible with the Special Theory of Relativity (1905) . In November 1915 he finally succeeded and called it "General Theory of Relativity" (GTR). For the formulation of the GTR, Einstein relied on the principle of equivalence between inertial mass and gravitational mass, which in turn implies the inability to distinguish between acceleration and gravity. Einstein realized that this equivalence could only be maintained if there was a connection between the gravitational force and the geometry of space.
The General Theory of Relativity is expresed in 14 equations
1-3 , the ten field equations:
and the geodesic equations (4 equations)
In equation (1) G µν is the Einstein' s Tensor, which describes the curvature of spacetime, R µν is the Ricci tensor, and R is the Ricci scalar (the trace of the Ricci tensor), g µν is the metric tensor that describes the deviation of the Pythagoras theorem in a curved space, T µν is the stress-energy tensor describing the content of matter and energy. k = 8πG c 4 , where c = 299792458 is the speed of light in vacuum and G = 6.67384(80) × 10 −11 is the gravitational constant. Finally, λ is the cosmological constant introduced by Einstein in 1917 1,4,5 that is a measure of the contribution to the energy density of the universe due to vacuum fluctuations (|λ| < 3 × 10 −52 m −2 ). In equation (2), x µ are the space-time coordinates of the particle. We use Greek letters as µ, ν, α,etc for 0,1,2,3. We have adopted the Einstein summation convention in which we sum over repeated indices. Γ µ ρσ are the Christoffel symbols of second kind:
Finally s is the arc length satisfying the relation ds 2 = g µν dx µ dx ν . Einstein's equations
(1,2) tells us that the curvature of a region of space-time is determined by the distribution of mass-energy of the same 1, 2, 6 . One of the most relevant predictions of General Relativity is the apsidal precession of elliptic orbits. Non circular orbits in GR are not perfect closed ellipses, but can be approximated to ellipses that precess, describing a patern like that of figure (1) [7] [8] [9] . The perihelion precession can be computed using the Einstein's perihelion formula:
The planet that presents the bigger precession is Mercury because of its proximity to the Sun. Now, it is difficult to compare the value of the precession with the experimental one because there are other factors that cause precession, as perturbations of other planets.
Nevertheless, the relativistic contribution of the perihelion precession of Mercury is around 43 arc seconds per century and the remaining is due to different kind of perturbations. Equation (4) was deduced by Einstein using GR and with many approximations. It was successful to predict the values of the perihelion precession of the solar system planets, but it is not valid for strong gravitational fields, as the generated by a super massive black hole. In the literature one can find calculations of the perihelion precession using different methods and different theories as modified gravity [10] [11] [12] . Also, one can find corrections to second and third order of the perihelion precession using Schwarzschild coordinates [13] [14] [15] [16] . Higher order corrections (up to n-th order) are obtained in this paper using the Schwarzschild metric and complex integration. The corrections are performed in terms of the third root of the motion equation and not in terms of r s /a , where r s is the Schwarzschild radius.
II. SCHWARZSCHILD METRIC
In 1916 Karl Schwarzschild found the first exact solution to the Einstein field equations.
For a spherical symmetric space-time with a mass M in the center of the coordinate system, the invariant interval is 17, 18 :
where
with coordinates x 0 = ct, x 1 = r, x 2 = θ and x 3 = φ.
where r s = 2GM c 2 is the Schwarzschild radius. Then, the covariant metric tensor is:
There are two singularities in this metric. The first when γ = 0 or r = r s is a mathematical singularity that can be removed by a convenient coordinate transformation like the one introduced by Eddington in 1924 or Finkelstein in1958 3, 18 :
With this coordinate transformation the invariant interval can be written as:
The first transformation in equation (7) t = t + r s c ln r r s − 1
describes a black hole, while the second one:
represents what physicists call a "white hole" emitting material from a singularity in r = 0 toward space-time.
The other singularity r = 0 is physical, so it can not be removed. In this singularity, all known physical laws fail, and the curvature of space-time is infinite. If one particle reaches the event horizon (r = r s ), it will eventually falls to the singularity r = 0, and it will never escape from the black hole neglecting quantum effects like Hawking radiation.
III. EQUATION OF MOTION
Lets consider a gravitational source of mass M and a massive particle that moves around the other. The motion of such particle is governed by the Schwarzschild metric. It is known that the orbital motion of celestial bodies is performed in a single plane because the orbital angular momentum must be constant. Then, we can analyze without problem the motion in the plane θ = π/2 (equatorial plane):
The geodesic equation can be written in an alternative form using the Lagrangian
where σ is a parameter of the trajectory of the particle, which is usually taken to be the proper time, τ for a massive particle. The resulting geodesic equation is:
. For the coordinates ct (µ = 0) and φ (µ = 3) the geodesic equation (13) give us, respectively :
and
This implies that there are two constants of motion:
The first constant is the energy per unit mass, meanwhile the second is the angular momentum per unit mass.
With these constants of motion, we can rewrite the Schwarzschild metric to obtain:
and because
we have additionally dr dφ
The first equation relates the radial distance r with the proper time τ , while the second equation relates the angle φ and the radial distance r.
IV. CONSTANTS AND ROOTS OF THE EQUATION OF MOTION
Let's consider both equations (18) and (20). If the path described by the particle is an ellipse there are two points where the radial velocity is zero. These points are the aphelion and the perihelion, and satisfy:
where R a is the distance to the aphelion and R p is the distance to the perihelion. Expanding γ a and γ p :
Subtracting both equations:
Using the definitions R a = (1 + e)a and R p = (1 − e)a:
Where a is the semi-major axis and e is the eccentricity of the orbit. Simplifying the last equation:
Finally, the total angular momentum would be:
Doing a Taylor's expansion in function of rs 2a
1−e 2 , the angular momentum can be written as:
In the Newtonian limit r s ≪ a, and then rs 2a ≪ 1. Furthermore, for classic orbits the eccentricity is usually small compared to 1, and then we can take rs 2a
1−e 2 ≪ 1. Taking only the first term:
This is the classical expression of angular momentum. To have a better accuracy in the calculation of J, it can be taken the other terms depending on the value of rs 2a 3+e 2
1−e 2 . To obtain the energy, we can replace the expression of the angular momentum in equation (21):
Using the expression of R a :
and simplifying, we finally get:
(1 − e 2 ) a 2 1 − rs 2a
With these constants of motion we can continue with the calculation of the perihelion precession. For this, lets rewrite equation (20) as:
Using the expression of γ and changing 2GM by r s c 2 :
For an ellipse, the equation of motion have three real and positive roots. Two of the roots are R a and R p and the other we will call R 0 . The third root can be calculated multiplying the factors of the equation and comparing them. For this it is important to recall that A is negative for elliptic orbits, so it can be written as A = − |A|. Then:
In the first factor we wrote R a − r, because R a is the maximum value that r can take.
Multiplying and simplifying:
In the last equation, the coefficients of the powers of r must be the same by linear independence, so we have three new equations:
Replacing the values of R a and R p :
|A|
To obtain R o we use the last two equations:
simplifying we get:
For classical systems a ≫ r s . So using this fact, the third root can be reduced to:
Then R o is of the order of r s in this limit, and consequently R o ≪ R p < R a . Nevertheless, R o is always smaller than R p and R a .
With the third root we can rewrite equation (18) as:
To find the angle travelled in a period, we can integrate the last equation from the perihelion position to the aphelion position and multiply it by two. Classically, the value of such angle must be 2π, but in this case there is a little deviation. This deviation is the perihelion precession.
It was shown that R o is smaller than R p , so it must be smaller than the radial distance r for all t. This allows us to expand equation (31) in a power series around R o :
Then, the angle would be:
with
Using the values of R a and R p : 
To solve this integral we can use a change of variable: r − a = eacosθ, such that the integral takes the form:
As it can be seen in figure ( 2), the function (1 + ecosθ) −n is symmetric around θ = π.
This allows us to write:
Lets use the substitution cosθ = iθ + e −iθ , and define z = e iθ with |z| = 1. Then:
So, we have to calculate the integral:
Calculating the factors of the denominator, we can find the poles of the function:
Then the poles are:
Before we continue with the calculations, lets list some properties of the poles:
and z 1 z 2 = 1.
With the poles we can rewrite the integral as:
The path of integration is the unitary circumference, because |z| = 1. Now, as 0 < e < 1, the first pole is |z 1 | ≥ 1. So, z 1 is out of the integration zone and it is not important. The second pole is |z 2 | ≤ 1. Then, using the residue theorem:
The residue can be calculated by:
Calculating this:
And then the value of the integral would be:
Now lets compute some of the first terms. For n = 1:
Replacing the values of z 1 y z 2 :
For n = 2:
Replacing the values of z 1 and z 2 :
For n = 3:
Replacing the values of z 1 y z 2 we get:
In general, using the Leibniz's formula, we have:
that can also be written as:
Where
represents the coefficients of the binomial expansion. Replacing this in equation (46):
Introducing the values of z 1 and z 2 in the part before the summation sign:
At this point we can define the functions Q n−1 (z 1 , z 2 ) as: In table (I) it is shown the first five functions Q n . Replacing the value of the integral in equation (32):
Using the expressions of J 2 and A (equations (23) and (25)) it can be shown that:
Replacing this and changing the sum index to begin the sum at n = 0:
Now, we can replace the expression of R o :
rs a n r s a n
We can define the quantity ǫ = rs (1−e 2 )a , and then ∆φ = 2π
Equation (60) is a general form to compute the value of the perihelion precession at any order. To do that, first we must find the values of Q n , and then we can expand the series. . An expansion in terms of r s /a will converge slower, but if we can recover the first terms of such expansion, we will prove that equation (60) is correct.
V. EXPANSION IN TERMS OF ǫ =
So lets compute the first three terms of (60) to recover the expansion until second order on ǫ.
(1 − 2ǫ)
Approximating until second order in ǫ:
Finally:
As the perihelion precession is χ = ∆φ − 2π, if we replace the value of ǫ to second order we can write:
The first term agrees with the one calculated by Einstein. Also, the second term agrees with the calculated by Scharf 15 , but not with those calculated by Nhat 16 and D'Eliseo 14 .
Using the same procedure, any term of the expansion can be calculated using equation (60) . For example to third order in ǫ we have:
and then
The first five terms of the expansion of χ in ǫ powers are shown in table (II). In general χ (n) = ∆φ (n) − 2π.
VI. APPLICATIONS
To compare equations (4) and (64), the perihelion precession for the interior planets of the solar system was calculated in arc seconds per century. The values are shown in table (III).
It can be seen that the correction is not relevant. It is clear then that for weak gravitational fields, the classical formula is sufficiently precise.
OJ 287 is a binary system that produces periodic outbursts. These outbursts have been detected for approximately 100 years. The first observation it was done, was through a 
In table (V) are shown the values of the perihelion precession using equations (4) and (60) for different orders. It can be seen that between the first and the second order there is a difference of approximately 5
• . For higher orders, the difference is less than 1 • . For m = 4, the value of the perihelion precession begins to stabilize around 38.87
• .
Equation (60) gives an important correction to the perihelion precession. The measured value is slightly higher. The calculation can be improved if it is considered the spin of the central black hole, and the gravitational radiation of the system. 
VII. DISCUSSION ABOUT THE DIFFERENT EXPANSIONS
In the works of D'Eliseo 14 and Do Nhat 16 , the first three terms of the expansion calculated are:
. We will call ∆ω ′(3) = χ ′(3) to compare it with the value that we have obtained:
This terms are not equal to the terms of equation (65), but one must be careful with this expression. It was calculated using perturbation theory, taking e as the eccentricity only for the first order therm, and as an initial condition of the equation of motion for higher terms.
This is because J in this works is defined as:
for all terms. In equations (23), (24) we can see what is the expression for J 2 in terms of e.
So if we equate the two equations we can reach a relation between e and e ′ :
(
So we can see that for n = 0, e = e ′ . Now one can think that replacing the value of e ′ in (68) will recover the first three terms of equation (65), but that is not the case. The perturbation method consists in doing a iterative work, using the solution of the previous order to find the next order solution. The problem is that both works, in all iterations, neglect terms that will be important for the next iteration. For example, in the second order calculations, terms of third order in ǫ ′ are neglected, but this terms will contribute to the third order expression. If we replace the value of e ′ in equation (68), we will recover the expansion:
As it can be seen, the last term of this expansion is not in agreement with that of equation (65) in the third order. Furthermore, this term is smaller as 45(6/16) > 15(15/16).
VIII. CONCLUSIONS
In this paper we have obtained higher order corrections (up to n-th order) for the perihelium precession using the Schwarzschild metric and complex integration, and to compare it with different expansions appearing in the literature [10] [11] [12] [13] [14] [15] [16] , it was calculated the perihelion precession for the interior planets of the solar system and two hypothetical exoplanets around a star with the same mass of the Sun (M Θ ). The values are shown in table (VI).
Here we have used the notation ∆ω ′ (ǫ n ) or χ (ǫ n ) for the contribution of the n th term and ∆ω ′(n) or χ (n) for the complete expansion until n th term.
It can be seen that the correction is not relevant. It is clear then that for weak gravitational fields, the classical formula is sufficiently precise. Now, to see if the correction is relevant for more massive objects, we calculated the perihelion precession for three binary systems, Sagittarius A*-S2, OJ287 and H1821+643.
In table (VII) are shown this calculations performed using equations (60),(66) and (71) for different orders.
Sagitarius A* is a bright and very compact radio source located at the center of the Milky Way. It is theorized that Sagittarius A* is a supermassive black hole. We took star S2, because is the one that presents a very peculiar orbit. As it can be seen in table (VII), the corrections are more significant that those for the Solar System planets. The last system is H1821+643, that corresponds to the most massive black hole ever detected. With a mass of 3 × 10 10 M Θ , the orbital parameters of the gravitational companion are not known, so we used random parameters. Also, for this two super-massive systems the corrections are relevant.
With all this results, it can be concluded that the approach presented in this paper is the best to calculate the perihelion precession for binary systems as it can be calculated until any order in the third root of the motion equation R o (see equation (28)). With other methods as perturbation theory, this calculation is more difficult and there are some approximations that must be made to work with this method that can carry errors. 
